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Abstract-The mechanism of the "echelon" mode-a series of parallel short wrinkles of soils that
looks like a flight of stairs or wild geese arranged in formation-observed in the triaxial compression
test is revealed by means of the group-theoretic bifurcation theory, The study ofthe direct bifurcation
of uniform materials in cylindrical domains with periodic boundaries has revealed the existence of
various kinds of deformation patterns, In particular, a classical diamond (checkerboard) pattern
solution and a pair of "oblique" stripe pattern solutions simultaneously branch at a bifurcation
point of multiplicity four. With the use of the periodic boundaries these oblique stripe solutions,
which cannot be directly obtained by the customary bifurcation analysis with non-periodic bound
aries, have thus been made accessible. The secondary bifurcation from these stripe solutions realizes
the "echelon" mode. The triaxial compression tests on soil specimens have demonstrated that the
pattern of wrinkles, shear bands and echelon modes of the specimens do indeed follow the present
theory, and can be understood as a natural consequence of pattern selection, or, in other words,
symmetry-breaking bifurcation.

L INTRODUCTION

The simulation of shear-band formation behavior of soils, rocks and other materials is well
known to entail some essential difficulties although its various phenomenological aspects
have been well understood through diversified research, The method of plastic bifurcation
has long been accepted as a theoretical basis for the formation of shear bands [see, e.g. Hill
and Hutchinson (1975) and Vermeer (1982)], The inherent and induced anisotropies have
come to be acknowledged as a major source of complex material properties [see, e.g.
Sekiguchi and Ohta (1977)]. The finite-element simulation of shear band formation is
showing some success [see, e.g. Prevost (1984) and Yatomi et at. (1989a, b)]. The concept
of imperfection sensitivity was used to show the presence of bifurcation in the triaxial
compression test of sand specimens (Ikeda and Goto, 1993). Thus "bifurcation" seems to
be a promising course of future study on that behavior.

A shear band of cylindrical soil specimens observed in triaxial compression tests is
often made up of a series of oblique parallel short wrinkles arranged with similar intervals
as shown in Fig. 1; the shear band and the wrinkles are directed in completely different
directions. In the field of structural geology, this is called an "echelon mode", which means
the pattern of a flight of stairs or wild geese arranged in formation.

Such a mode can be found elsewhere. An echelon crack in granite also exhibits similar
features, as shown in Fig, 2 (Petit, 1988). The photograph and the sketch of the ductile
shear zones of halite (cooking salt) shown in Fig. 3 (Shimamoto, 1989), which was used to
develop a fault-zone model, are characterized by wavy-shaped foliation with fine intervals
shown by solid lines, and fairly sharp oblique discontinuities with coarse intervals shown
by heavy solid lines. These discontinuities appear to be arranged parallel. To sum up, all
these diversified materials with different physical properties are similar in that they all form
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Fig. I. An echelon mode on a cylindrical soil specimen.

echelon modes or stripe patterns. Such phenomenological similarity will imply the existence
of an underlying general rule.

By contrast, in the fields of fluid mechanics, non-linear mathematics, and so on, it is
well known that patterns are selected through recursive bifurcation which "breaks"
symmetry. The Taylor-Couette flow in a hollow cylinder, which is a rotating annular of
fluid, displays wave patterns with various kinds of symmetries through pattern selection
[see, e.g. Taylor (1923)]. The convective motion of fluid, the so-called Benard problem,
often displays a regularly arrayed (hexagonal) cellular structure [see, e.g. Koschmieder
(1974)]. Cylindrical shells are noted to display various kinds of patterns, as shown in Fig.
4 (Yamaki, 1920). In particular, the pattern in Fig. 4(a) stands for the famous "diamond"
pattern, while that in Fig. 4(b) presumably for the stripe pattern. Shells with regular
polygonal symmetry collapse through recursive symmetry-breaking bifurcation [see, e.g.
Ikeda et al. (1991)].

The major hypothesis of this paper is that the echelon modes in uniform materials are
formed through the repeated occurrence of symmetry-breaking bifurcation, and hence can
be dealt with by means of a unified strategy. Such bifurcation has been described successfully
by the group-theoretic bifurcation theory, with an emphasis on its qualitative aspects [see,
e.g. Sattinger (1979), Golubitsky and Schaeffer (1985) and Golubitsky et al. (1988)]. With
reference to the symmetry of the system under consideration, the possible types of critical
points and bifurcated solutions can be revealed, and the behavior of these solutions in
the vicinity of these points can be thoroughly investigated by the Lyapounov-Schmidt
decomposition.

One of the most important findings of this theory is that the structure (rule) of such
bifurcation does not depend on the individual material or physical properties but merely
on the symmetry of the system to be considered. We can find a group G that labels its
symmetry, and a nested set of subgroups

(I)

that characterizes the hierarchical bifurcation structure. Here -+ denotes the process of
bifurcation, and Gi (i = I, 2, ...) stand for the subgroups of G that label the reduced
symmetry of the bifurcated solutions. The knowledge of such a bifurcation structure will
be vital in the complete description of bifurcation behavior of uniform materials.

The aim of this paper is to advance, through an application and reorganization of these
results hitherto developed in the group-theoretic bifurcation theory, a qualitative theory for
describing various phenomenological aspects of the echelon modes for uniform materials.
It is well known that the bifurcation modes obtained by the customary bifurcation analysis
with non-periodic boundaries will not yield stripe patterns but harmonic modes, such as
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Fig. 2. Ductile shear zone with an echelon microcrack developed in PMMA (uniaxial loading test).
Reprinted from Petit (1988) Tectonics 7, 1243-1256, copyright by the American Geophysical Union.

(a) NATURAL HALITE Pc =70MPa, f=31 • ecal = 1· 9°

(b) >

" 0L-I__L..-_-14p0}lm

Fig. 3. Heterogeneous deformation showing distorted foliation (P, = 70 Mpa, l' = 31). (a) Photo
graph. (b) Sketch showing foliation in solid lines, fairly sharp discontinuities in heavy solid lines,

and structureless portion in dots. Reprinted from Shimamoto (1989).
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(a)

(b)
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Fig. 4. Buckling patterns of cylinders; contour maps in the left and photographs in the right.
(a) Diamond pattern. (b) Oblique stripe pattern. Reprinted from Yamaki (1920).



Echelon modes in uniform materials 2713

the diamond patterns. This indeed causes an essential difficulty in the simulation of the
echelon modes made up of oblique stripes. In order to resolve this difficulty, we consider a
cylindrical domain with the periodic boundary conditions at the ends so as to model
translational symmetries in the axial direction. Then the symmetry group of this domain is
defined with reference to its reflectional, rotational and periodic symmetries. The main
(fundamental) equilibrium path for the system of governing equations of such domain
retains its symmetry until reaching a (symmetry-breaking) bifurcation point, the multiplicity
of which is shown to be one, two or four. The symmetries of possible bifurcated solutions
for these bifurcation points are identified. In particular, for the point of multiplicity four,
we have derived and solved the bifurcation equations to find that its possible bifurcated
solutions consist of the classical diamond pattern (checkerboard) solution, and a pair of
oblique stripe pattern solutions. The use of the periodic boundary conditions thus made
these stripe patterns accessible as direct bifurcated solutions, and in turn has resolved one
of the aforementioned essential difficulties in numerical simulation.

We have investigated the secondary bifurcation from the stripe pattern solutions to
show the existence of a series of bifurcated solutions that represent the symmetries of
echelon mode solutions. This recursive bifurcation realizes the mixture of oblique patterns
with different directions and intervals to trigger induced anisotropies. The complexity of
the recursive bifurcation is another essential difficulty in analysis.

We conducted extensive experiments on cylindrical soil specimens to thoroughly
observe the emergence of wrinkles, shear bands and the echelon modes. It has been revealed
that their patterns are selected in good agreement with the rule of the hierarchical recursive
bifurcation by the present theory. The emergence of the echelon mode in soils has thus
been understood as a natural consequence of the recursive bifurcation.

2. DEFORMATION PATTERNS IN CYLINDRICAL DOMAINS

As a preliminary stage of the study of bifurcation structure of uniform materials in a
cylindrical domain, we shall explain how the symmetries of the deformation patterns of
this domain are labeled by means of groups, and introduce a nested set of subgroups of
eqn (1) that will lead to the echelon mode. Although we focus on the cylindrical domain in
the remainder of this paper, the present formulation is easily modified for a rectangular
domain as can be seen from Appendix A.

2.1. Deformation pattern prior to bifurcation
The cylindrical domain

of Fig. 5 is considered, where Ro = Ro(f) is the radius and L = L(f) is the length of the

z
y

z=o "----+-'X

Ro
Fig. 5. Cylindrical domain.
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cylinder, both of which may vary with the real-valued loading parameter f. In order to
exclude the influence of the finiteness of this domain, we employ the infinite cylinder
approximation, that is, the cylinder is assumed to have periodic boundary conditions on the
top and the bottom surfaces at Z = 0 and Z = L. By virtue of this assumption, we can
continuously extend this cylinder in the (axial) Z-direction to arrive at an imaginary, infinite
and periodic cylinder. The use of this approximation, which is accurate away from the
periodic boundaries, gives insight into the nature of deformation patterns in the middle of
the cylinder. The cylinder consequently has symmetries in the circumferential and axial
directions. Such combined symmetry can be expressed by a direct product

of the symmetry group G1 for the circumferential symmetry and G2 for the translational
symmetry in the axial direction.

The circumferential (circular) symmetry can be characterized by the invariance under
the counter-clockwise rotation c(cp) around the Z-axis at an angle of cp (0 ~ cp < 2n):

c(cp): 81----> 8+cp,

[where 8 = tan - I (Y/X)] and the reflection 0" y with respect to the XZ-plane :

O"y:YI---->-Y (i.e. 81---->-8).

The symmetry group G[ for the circumferential symmetry is given by

Coov = <O"y, c(cp» = {c(cp), O"yc(cp) I 0 ~ cp < 2n},

(2)

(3)

which is generated by c(cp) (with 0 ~ cp < 2n) and 0" y. Here the brackets <-) denote the
group generated by the elements therein; the braces {.} denote the elements of the group;
the product of elements, such as O"yc(cp), denotes that the transformations are performed
from the right to the left in sequence. The action of the element 0" yC(cp) is given by

O"yc(cp) : 81----> - (8+ cp),

and indicates the reflection with respect to the vertical plane that is perpendicular to the
XY-plane and intersects with it at 8 = -cp/2.

The symmetry in the vertical direction can be characterized by the Z-directional
translation t(/) at a length of 1(0 ~ 1< L) and the reflection 0"z, being defined as:

Hence G2 is given by

t (I) : Z I----> Z + I, 0"z : Z I----> - Z.

Crov = <O"z, t(l» = {t(l),O"zt(l) 10 ~ 1< L}.

(4)

The cylindrical domain, accordingly, is invariant under the group Coov x Coov ' It is note
worthy that the groups Coov and Coov are both isomorphic to a well-known group, which is
conventionally denoted as 0(2) in the mathematical literature [that is, G1 ~ G2 ~ 0(2)].
Some standard results, therefore, are available.

2.2. Deformation patterns after bifurcation
The subgroups of the symmetry group of a domain label the deformation patterns of

the domain with reduced symmetries after bifurcation. We advance a series of typical
patterns in the (G = )Crov x Crov-invariant cylindrical domain and the subgroups of
Coov x Coov that label their symmetries in the remainder of this subsection. It may be
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Fig. 6. Expansion plans of a series of patterns. (a) DI••-invariant diamond pattern (n = 5, fj = 3).
(b) OB,;';,-invariant oblique stripe pattern (n = 5, fj = 3). (c) OB.;fl-invariant oblique stripe pattern
(n = 5, fj = 3). (e): Points with the same physical properties; straight lines: lines with the same

physical properties.

emphasized here that the subgroups mentioned below do not exhaust all the subgroups of
Coov x Coov '

Figure 6(a) shows a diamond pattern in an expansion plan of the circumferential
surface of the cylindrical domain, where the symbols (.) denote the points with the same
physical properties, and the dashed lines are used to show the presence of diamond-shaped
blocks with the same physical properties. This pattern is made up of a set of n x ii identical
diamond-shaped blocks arranged in order; furthermore, each block has upside-down,
bilateral and half rotation symmetries. Here the half rotation refers to the in-plane rotation
around the center of the domain at an angle of n. The pattern can be labeled by a group

(5)

Here the elements c(nln)t(±LI21i) denote oblique translations at an angle of nln in the
circumferential direction and at a length of ±LI(2ii) in the vertical direction. These trans
lations will move a diamond block to another, and hence will represent the symmetries of
the diamond pattern. A harmonic function

cos (nO) cos (2nii~) = ~ [cos 2n (n :n +ii~)+ cos 2n (n :n - ii~)]

gives rise to an example of Dlmrinvariant pattern.
The stripe patterns, shown in Figs 6(b) and (c), have quite special symmetries labeled

by a pair of groups

OB~ = (O"YO"z, {C(q»t(l) In;: -iif = N, N = 0, ± I, ±2, .. -}). (7)

respectively. The elements {c(q»t(l) In(q>12n) ±ii(IlL) = N} (with Nbeing integer numbers)
indicate the invariance regarding arbitrary translation toward the direction of a series of
oblique straight lines
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(J Z
n 2n ± flL = N, N = 0, ± I, ± 2, ...

[shown by the straight lines in Figs 6(b) and (c)]. The material on these straight lines has
the same physical properties. A pair of harmonic functions

gives rise to examples of OB~-invariantpattern, repectively.
The patterns shown in Fig. 7 will turn out to represent the echelon mode. A series of

points (e) with the same physical properties often look like a number of oblique stripes
that have different directions and intervals than the other stripes denoted by the dashed
lines. This pattern is described by a finite subgroup of Cc~)v x Coov defined by

where n, fl and k are positive integers, d denotes the greatest common divisor of nand fl, I
is an integer with 0 :::; I :::; d - 1, and p and jJ are integers such that np + fljJ = d. When nand
fl are relatively prime (with d = 1), this expression reduces to

Z
T

o 27r 0 0 27r 0

EC+9,8,144,0Z EC~8.19,0 Z
T

o

Z
T

z EC+10,8,27,1

o 27r 0 0 27r ()
Fig. 7. A series of EC';;'krinvariant modes. eel: Points with the same physical properties.
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(8)

where p and p are integers such that np-fip = d. Note that EC;;;;kl and EC;;;;kl are finite
subgroups of OB;;;; and OB;;;;, respectively, and contain 2dk elements. As we have seen in
Fig. 7, EC~kl-invariant patterns vary greatly in association with the change in the values
of the parameters k and I. The increase in k enhances the number of the points (e), which
is equal to dk. The change in the values of I does not change their number but rearranges
their location.

2.3. Recursive loss ofsymmetry leading to echelon mode
The major hypothesis propounded by the present paper is that the echelon mode is

formed as a consequence of recursive loss of symmetry caused by recursive bifurcations.
According to the theory to be developed in Section 3, the deformation pattern with EC~kl

symmetry cannot appear directly from the uniform deformation with Coov x Coov symmetry,
but only by way of the stripe patterns with OB~ symmetry. For example,

(where m and m are integers satisfying nlm = film ~ 2) are possible sequences of nested
subgroups leading to the EC~kl (or EC~mkl) symmetry.

At the early stage of deformation in association with the loss of symmetry

a set of oblique, parallel stripes is to be formed. Although these stripes may not be
discernible at this stage, the material is weakened along the stripes. Then another oblique,
parallel stripe pattern is to be formed in association with the loss of symmetry

An example of this process is illustrated in Fig. 8. In the first case, the direction of the
stripes (with the same physical properties) does not change but their interval enlarges. In
the second case, on the other hand, the direction ofthe stripes (which are, precisely speaking,
sequences of points) does change and their interval may enlarge or diminish.

The deformation patterns with EC~kl symmetry may look different in individual cases.
We offer in Fig. 9 three possible patterns: (a) a pattern in which stripes in another direction
are just emerging (it is close to the pattern with OB~ symmetry); (b) a pattern in a transition
made up of a pair of stripes with different directions and intervals; (c) an echelon mode
characterized by coarse stripes each of which is made up of a series of parallel, fine short
stripes. Although these three patterns appear different, they have the same symmetry labeled
by EC~kl.

It is in order here to recall the echelon mode formation shown in Figs I and 2. A key
to a correct qualitative interpretation of these phenomena is to know the correct sequence
of the occurrence of a series of stripes. Intuitively since the fine short parallel wrinkles were
observed along the line of the shear bands, etc. these wrinkles appear to be formed in
association with the emergence of shear band, etc. Theoretically, the fine short wrinkles of
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Fig. 8. Direction and interval change of stripe patterns through recursive loss of symmetry;
Cn X C",v --t OBt,. --t ECt,8.42.U' C £v x Cxv --t OBt, --t ECt4.J." DB:', --t OBt4 --t ECt4,4.'
--t : loss of symmetry due to bifurcation process; (.): points with the same physical properties;

straight lines: lines with the same physical properties.

(a) (b) (c)

Fig, 9. Typical examples of EC';;'.,-invariant modes, (a) Just generated, (b) Transient. (c) Echelon
mode.

the echelon mode have been initiated by the direct bifurcation and are magnified (damaged)
only in the vicinity of the coarse stripes by the secondary bifurcation. On the other hand,
the ductile shear zone in Fig. 3 can be understood as an example of the transition mode of
Fig. 9(b). The symmetries of the deformation patterns in Figs 1~3 thus can be labeled by
the same group EC!flkh regardless of their diversified appearance.

In addition to the diversity in appearance, there exists another source of diversity in
echelon modes. As we have seen in Fig. 7, there exists a diversified set of possible EC!flkr
invariant bifurcated solutions branching from OB!fl-invariant stripe pattern solutions. Such
diversity will imply the essential complexity of bifurcation behavior of uniform materials.
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Uniform materials usually form a OB~-invariant stripe pattern through the direct bifur
cation, but EC~krinvariant bifurcated solutions vary with individual cases depending on
the physical and material properties. Naturally different materials have different defor
mation patterns, but the present theory implies that such a difference in some cases may
merely be a difference in the parameters k and I of the same family of EC~k,-invariant

bifurcated solutions. The present theory may be a rational clue to untangle the diversity
and complexity of echelon modes of various kinds of materials to reach a unified view.

3. THEORY

The direct and some of the secondary bifurcation of the system of equations for
uniform materials in a domain of Cxv xCxv [~0(2) x 0(2)] symmetry is investigated in
this section by means of the group-theoretic bifurcation theory. Necessary background
can be found, for example, in Sattinger (1979, 1983), Golubitsky and Schaeffer (1985),
Golubitsky et al. (1988) and Dinkevich (1991).

3.1. Formulation
In this subsection we offer a very brief account of the main ideas of the group-theoretic

bifurcation analysis. This is intended to be an informal introduction for engineers by
avoiding (and sacrificing) the mathematical rigor and sophistication, for which the reader
is referred to the standard textbooks cited above. We assume that the deformed state of the
material in question is described by a (vector-valued) function u(x), where x is the coor
dinate of a point in the domain, and that u(x) is subject to a system of governing equations

F(u,f) = 0, (10)

where f is a real-valued loading parameter and F is a non-linear operator (defined on a
certain function space, to which u belongs, and satisfying relevant regularity conditions).

Let G be a (compact) group of transformations acting on x. For example,
G = Ccnv x Coov for the cylindrical domain, and the action of G on x is defined by eqns (2)
(4). We denote by g' x the transformation caused by an element g of G. This induces an
action of G on u, denoted similarly by g' u. If u is a scalar-valued function, for example,
this action is given by

(q' u)(x) = U(g-l •x).

Equation (10) is called equivariant with respect to G if

g'F(u,f) =F(g'u,f) forallgEG

is satisfied. When eqn (10) represents the governing system for a uniform material (soil) in
the aforementioned C uv x Ccov-symmetric cylindrical domain, the equivariance condition
should be satisfied if, in addition to the geometrical symmetry of the domain, the material
property, the particle and pore water distribution, the boundary conditions, the load
pattern, etc. have the same symmetry group. It should be understood that the equivariance
condition is not an artificial condition for mathematical convenience but a very natural
condition, a kind of "objectivity condition", to be satisfied by any physically meaningful
mathematical description of symmetric problems.

A solution u is called invariant under G (or G-invariant) if

g'u = u for all gEG

is satisfied. We assume that the solutions (u, f) lying on the main path retain G-invariance,
whereas those on a bifurcation path have a reduced symmetry. A reduced symmetry can
be labeled by a subgroup G' of G, and u is called G'-invariant if

SAS 31:19-1
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g' U = U for all 9 E G'

is satisfied.
Let (UC, fC) be a critical point on the main path, at which the derivative (or the Frechet

derivative) of Fwith respect to u :

. of
F'(u, j) = au (u,f)

has a zero eigenvalue. Note that F' (u, f) reduces to the tangent stiffness matrix or the
Jacobian matrix if the system (10) is finite dimensional. A critical point is either the limit
point of loading parameter f or a bifurcation point. The bifurcation paths, branching from
the main path at a bifurcation point, are usually made up of solutions (u, f) of reduced
symmetries, that are to be labeled by subgroups of G.

The multiplicity of a critical point (U C
, !") is defined as

M = dim[ker (F'(uc,jC))]

[where ker(-) denotes the kernel space of the linear operator in the parentheses]. The
solution (ue, !") is a simple bifurcation point or a multiple point according to whether
M= lor M ~ 2.

The kernel space X = ker(F'(u C
, !") is easily verified to be invariant under G, i.e.

9 . U E X if u E X,

if U
C is G-invariant. Then the critical point is divided into two types, group-theoretic or

parametric, according to whether X is G-irreducible or not. Here X is said to be G irreducible
if there exists no non-zero proper subspace in X that is invariant under G. The group
theoretic critical point occurs due to the symmetry of the system while the parametric
critical point occurs by the accidental coincidence of two or more critical points. Since the
latter is rare, we consider only the former type in the remainder of this paper. Note that a
simple critical point is always group-theoretic critical point.

Let (ue, !") be a group-theoretic critical point. Then, by definition, the kernel space X
is associated with one of the irreducible representations, which we denote by fl. The
irreducible representation, in turn, is associated with a subgroup G(Il) of G. To be more
specific, let T(Il)(g) (g E G) be the representation matrices of the irreducible representation
fl. Then

where I is the identity matrix. This subgroup is called the symmetry group of the kernel
space. For example, a limit point of the loading parameter f is associated with the unit
(one-dimensional) representation fl for which T(Il)(g) = 1 for all 9 E G, and G(Il) = G. A
bifurcation point is usually associated with an irreducible representation fl for which
TtI')(g) # I for some gEG, and hence G(Il) is a proper subgroup ofG. Such a bifurcation
point is called a symmetry-breaking bifurcation point. Note that the degree of the irreducible
representation is equal to the multiplicity M of the critical point.

The Lyapunov-Schmidt decomposition reduces the original equation to a system of
finite-dimensional (bifurcation) equations. Let ¢~ (i = 1, ... , M) be the M independent
eigenfunctions of the zero eigenvalue at a group-theoretic bifurcation point (U C

, !") of
multiplicity M. Then we can define an incremental variable w = (Wlo"" WM)T and jfrom
the critical point (U C

, !") as:
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M

U = I w,cfJf+uC, f = f"+ f.
i=1

Then the bifurcation equation reads

F(w,j) = o.

2721

(11)

When the original equation Fis equivariant to G, the bifurcation equation F can be chosen
to be equivariant to G with respect to the associated irreducible representation, that is,

T(g)F(w,f) = F(T(g)w,!) forallgEG, (12)

where T(g) is the M x M irreducible representation matrix. It is this inheritance of symmetry
to the bifurcation equation that plays a key role in determining possible bifurcating solutions
at a critical point. The notation of the symmetry group of the kernel space is vital in the
study of the bifurcation structure in that it also labels the symmetry of the eigenfunctions
cfJf. That is, each cfJf is invariant to the symmetry subgroups associated with the critical
point.

3.2. Bifurcation structure ofa Ccm.-equivariant system
As a preliminary stage to investigating the bifurcation structure of a COOy x COOy

equivariant system, we offer here a review on the structure of a Cooy-equivariant system.
Recall that both COOY and COOY are isomorphic to 0 (2), and therefore have identical bifur
cation structures.

We index the family of non-equivalent irreducible representations of COOY [~0(2)] by

R(CooY ) = {+, -, 1,2, ...}. (13)

Here + corresponds to the unit (one-dimensional) irreducible representation and - to the
other one-dimensional irreducible representation, being defined by the one-dimensional
representation matrices

(14)

(15)

where T(Jll(') denotes the representation matrix expressing the action of the element in
parentheses. The remaining irreducible representations, labeled 1,2, ... , in eqn (13) are of
degree two, and their actions are defined by

T(n)(c(cp» = (c~s (ncp)
sm (ncp)

-sin (ncp»), (1Tln)(a y ) = 0
cos (ncp)

~l} n = 1,2, .... (16)

We can see from eqns (14)-(16) that

G(n) = Cn, n = 1,2, ... ,

where Coo and en are cyclic groups defined by



2722 K. Ikeda et al.

Table 1. Irreducible representations (k. k) of
C~~xC:f~

Degree of (k. k) k k

+.- +.-
2 +. - 1.2..

1.2.. +.-
4 1.2.... 1.2..

C: = [c(rp)IO:::; rp < 2n}.

The group c", for example, denotes cyclic symmetries with respect to the circumferential
rotation at angles of 2nk/n (k = O. I, ... ,n - I).

The group Co, which represents the (circular) symmetry of the solutions on the main
path, is associated with the limit point of loading parameter j; while the subgroups Cx and
Cn to bifurcation points. The subgroup C>. corresponding to a one-dimensional non-unit
representation, is associated with a simple, symmetric bifurcation point with a Coo-invariant
bifurcation mode. The subgroup Cm corresponding to a two-dimensional irreducible rep
resentation, is associated with a symmetric, t group-theoretic double bifurcation point, from
which Cnv-invariant bifurcation paths,t with a higher symmetry than Cm are known to
branch (Sattinger, 1983). Here Cv denotes a regular n-gonal symmetry in the circumferential
direction, and is defined by

A harmonic function cos (ne) is a typical example of Cnv-invariant pattern.
To sum up, the deformation modes on the bifurcation paths which branch directly

from the C",.v-invariant main path are invariant under either Cx or Cnv (n = 1,2, ... ). The
complete rule for further bifurcation from the Cv- and C-invariant bifurcation paths has
already been given in Ikeda et al. (1991).

3.3. Direct bifurcation ofa eXt. x C:u-equivariant s}'stem
The direct bifurcation of the Ccrv x Cx.v-invariant cylindrical domain is investigated in

this section. Since Cxv x Cu is a direct product ofthe two isomorphic groups Cx.v and Coov.
the family of the irreducible representations of eM x Cx v is indexed by

where k stands for the irreducible representations of C<Xv and k for those of CCfJV' The degree
of the irreducible representation (k, k) is equal to the product of the degrees of k and f,
which are either 1 or 2. Hence the degree of (k, k) is either 1,2 or 4, as categorized in Table
1. The multiplicity M of the relevant critical (bifurcation) point is equal to the value of this
degree, 1, 2 or 4.

In order to categorize the bifurcation paths and (group-theoretic) bifurcation points
of a C:t:V x C",v-equivariant system, we refer to the symmetry group G(Il) for the irreducible

t The definition of symmetric and asymmetric bifurcation points is given in Thompson and Hunt (1973).
t It may be noted that the group en, is isomorphic to a dihedral group. i.e. C, '" Dnby using the conventional

notation Dn for dihedral groups.
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representation J1 = (k, k\ the actual forms of which are listed in Table 2. Here nand fi
denote finite integer numbers and

It is noteworthy that the symmetries of the bifurcation paths, which are to be determined
by solving the bifurcation equation (11), are not necessarily the same as those of the kernel
space X as listed in Table 2. The number of bifurcation paths varies drastically with the
multiplicity M of a bifurcation point.

3.3.1. Simple critical points (M = 1). The four subgroups G<k.f) (k, f = +, -) are
associated with the one-dimensional irreducible representations, which in turn are associ
ated with simple critical points. As easily seen from the standard results [see, e.g. Sattinger
(1979), Golubitsky and Schaeffer (1985), and Golubitsky et al. (1988)], the subgroup G(+'+)

is related to the limit point ofloading parameter J, while the other three to simple, symmetric
bifurcation points. The deformation modes on the bifurcation paths for these bifurcation
points are invariant under the same group G(1) of the kernel space X, that is, invariant
under either Coov x Coo, Coo x Coov or <ayG'z, c(<p), t(l» as listed in Table 2.

3.3.2. Double bifurcation points (M = 2). The subgroups GC+. flI , G(-·n), G(n.+) and G(n.-)

are associated with the double points of bifurcation. As is shown in Table 2, the bifurcation
paths have higher symmetries than the kernel space X (see Appendix B for the analysis).

For the subgroups G(+·n j and G(n.+), symmetry is reduced in one direction but is kept
unchanged in another direction; accordingly, all the bifurcation rules for Cocv presented in
the previous section directly hold merely by replacing a group G' by Cx,v X G' or G' x CX,Vl
respectively. The subgroup G(+·fl), for example, represents the parallel horizontal stripes,
and G(n,+) the vertical ones. Symmetry is reduced in both directions for the subgroups G(-·fl)
and G(n.-).

3.3.3. Bifurcation points of multiplicity four (M = 4). The subgroup Gcn.n) is related to
the bifurcation points of multiplicity four (M = 4), for which symmetry is reduced in both
directions. As has been investigated in Murota and Ikeda (1994) [see also Appendix C],
there exist three sheets of bifurcated solutions to eqn (11) that are invariant with respect to
either DInn or OB"!n, defined by eqns (5), (6) and (7). Note that the bifurcated solutions
have a higher symmetry than the symmetry of the kernel space, which is labeled by Cn x Cn.

The group DInn represents the symmetry of the classical (harmonic) diamond pattern
solutions of Fig. 6(a), which have been obtained by the customary bifurcation analysis.
Such solutions form a (two-dimensional) sheet.

Table 2. Symmetry groups G(J<I of the kernel space X and those of the
bifurcation paths of a Cn X C,n-invariant system

Multiplicity
M

2

4

Irr. R~p. Symmetry groups
(k, k) G('" for X Bifurcation paths

(+, +) C.£VXCL" Cx.\-xC,.£v
(+, -) CeL,xCx C""xCx
(-,+) Cx x en ex x exv
(-, -) <O'yO'z, c(<p), 1(/) <O'yO'z, c(<p), 1(1)

(+, fi) C""X Cn Cx\xCnv

( -, fi) C, xCn (C(<P), 0',1 (~). O'Z)

(n, +) CnxC"" CnyxCx ,",'

(n, -) Cnx ex (0',,1(/), O'ZC (~))

(n, nl c,xCn DIn.' DBt-.
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The groups OB!-n represent the symmetry of the stripe pattern solutions of Figs 6(b)
and (c), which are directed in two different directions parallel to a series of oblique straight
lines

These solutions form a pair of sheets. These are the only oblique stripe solutions that
directly branch from the uniform Cxv x C'XCv-invariant state and that cannot be directly
obtained by the customary bifurcation analysis with non-periodic boundaries.

3.4. Secondary bifurcation from OB,i'fj-invariant paths
The direct bifurcation paths from a Cxv x C'Dv-invariant main path have been ident

ified in the previous subsection. These bifurcation paths can undergo further progressive
symmetry-breaking bifurcation. In particular, the secondary bifurcation from a OB!-n
invariant path (corresponding to the oblique parallel stripes) plays a key role in the
formation of the echelon mode. We will explain this based on the results of Murota and
Ikeda (1994), to which the reader is referred for mathematical details.

The irreducible representations of the group 0 B!-n are either one- or two-dimensional.
This implies that the (group-theoretic) bifurcation points are either simple or double with
M = 1 or 2. The bifurcation equations can be analysed in an analogous manner as in
Appendix B.

The solution paths bifurcated from a double point are categorized into two types
according to the associated symmetry. The first type has the symmetry labeled by OB~m

with m and m being divisors of nand fi respectively and satisfying nlm = film ~ 2. Note
that OB~m is a proper subgroup of OB!-n. The second type has the symmetry of EC!-nkl,
defined by eqns (8) and (9). This corresponds to the echelon mode (see Fig. 7). Namely,
the echelon mode can appear as a result of the secondary bifurcation

(17)

This is not the only possibility of the emergence of the echelon mode. In addition the
secondary bifurcation path of the first type, having the symmetry of OB~m can undergo a
further bifurcation to yield a bifurcating branch with symmetry Ee~mkl' which corresponds
also to the echelon mode. Namely, the bifurcation process

Cx .v X Cm -+ OB!-n -+ OB~m -+ EC~mkl (18)

leads also to the formation of the echelon mode. Figure 10 shows a typical example of such
processes. It is remarked that the processes in eqns (17) and (18) do not exhaust all possible
processes generating the echelon modes.

4. TRIAXIAL COMPRESSION TESTS ON CYLINDRICAL SOIL SPECIMENS

A series of triaxial compression tests on cylindrical (Kawasaki clay) soil specimens
with a diameter of 3.5 cm and a height of 8.0 cm were conducted to observe the patterns
of wrinkles, shear bands and echelon modes [see Nakano (1993) for details]. To make the
specimens as homogeneous as possible, those were isotropically consolidated for 24 h at
the consolidation pressure of 3.0 kgf cm- 2. Then for each specimen the triaxial compression
test with undrained or drained boundaries was carried out under an axial strain-control
condition.

The test results for a specimen (with undrained boundaries at an axial strain speed of
Sa = 2.1 x 10- 2 % min-I) are thoroughly investigated through diversified viewpoints. Firstly
the deviator stress (Ja and axial strain Ba relation as in Fig. 11 (a) is investigated. The axial
strain here is defined as positive in compression. The symbols (0) on this curve denote the
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Fig. 10. An example of the emergence of echelon modes through recursive bifurcation (hierarchy).

(0): Bifurcation points; M: multiplicity.
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5.3% 9.0% 12.3% 14.5% 16.0%
Fig. 11. Results of a triaxial compression test for a cylindrical soil specimen (with undrained
boundaries at an axial-strain speed of t a = 2.1 x 1O-2%!min). (a) Axial deviator stress (Ja versus
axial strain Sa curve; (0) : the points at which the deformation patterns were closely observed and

illustrated in (b). (b) Sketches of the deformation patterns of the soil specimen.

points at which the deformation patterns were observed closely, as illustrated in Fig. ll(b).
During the first stage of the loading (Ga < 1.0%), the tangent of the curve is very steep and
the specimen is nearly elastic. Its tangent is then greatly reduced during 1.0 < Ga < 2.0%,
and the specimen becomes softened rapidly. It remains fairly constant for Ga > 2.0%, and
a gradual softening follows. It is slightly reduced at Ga = 20.0%, in association with the
formation of clear shear plane (band). In the soil mechanics, it is customary (but is to be
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4.200

3. 413
Fig. 12. Sketches of the final stage of the soil specimen taken from behind (unit in em).

denied by the present theory) to attribute the rapid softening of the curve (1.0 < Ca < 2.0%)
to the softening of material properties of soils, and the shear band formation (ca = 20.0%)
to the direct bifurcation.

Secondly the deformation patterns of the specimen are investigated through a phenom
enological standpoint with reference to the sketches in Fig. II (b). The specimen almost
retains its cylindrical shape until Ca = 5.0%. At Ca = 5.3% its right-hand side swells to
reduce the bilateral symmetry (the loss of the a}-invariance). Moreover, numerous oblique
parallel wrinkles emerge on the surface of the specimen. A set of short, parallel wrinkles
have a horizontal angle of 10° in the left-hand side, while another set in the left-hand side
have an angle of - 35° and a greater interval. At ea = 9.0% a dozen relatively long wrinkles
show up in the upper-left part (the zone a), and the right-hand side (the point b) swells
significantly. At ea = 12.3% a pair of distinct wrinkles appear and a large number of
wrinkles intersect each other in the center (the zone c) to form an oblique mesh. Some of
the wrinkles observed earlier have already disappeared at this stage. At Ca = 16.0% one of
the distinct wrinkles becomes less discernible, while the other one is further extended to
reach the point d at which the specimen is slightly pinched. The shear plane finally appears
at the point e in the upper-right, and develops toward the lower-left to form a number of
shear bands. Figure 12 is a sketch of these shear bands taken from behind. The shear bands
are made up of a large number of wrinkles that had emerged earlier (0 < Ca < 9.0%) but
disappeared later (ea = 12.3%). These bands look quite like "echelon", which represents a
flight of stairs or wild geese arranged in formation. The progress of the deformation of the
specimen is indeed the recursive formation of various kinds of wrinkles directed toward
different directions and with different intervals.

Finally these phenomenological features of the deformation of the specimen are theor
etically interpreted by means of the present theory. From the sketches shown in Fig. II (b),
one can point out the presence of five deformation patterns in Fig. 13(a), namely, a
Cx;v x Cn-invariant cylindrical deformation pattern, an OB;:;;-invariant stripe pattern, an
EC;:;;krinvariant transient one of Fig. 9(b), a Dj-invariant pattern for the distinct wrinkle,
and a C\ x Cl-invariant (asymmetric) pattern for the final stage of deformation. Here
D l = <ay<1z> denotes the half rotation symmetry around the center of the specimen (X-axis),
and C 1 x Cl is the trivial subgroup consisting of only one element that leaves everything
unchanged. With reference to such change of modes one can predict the occurrence of
recursive bifurcation that will trigger the loss of symmetry. Figure 13(b) shows a general
view of a aa-ea curve subject to the recursive bifurcation which is drawn based on this
prediction. The shear band formation may be associated with the bifurcation that pre
sumably takes place at one of the last stages of the recursive bifurcation, instead of the
direct bifurcation. The mixed presence of different characteristic directions of materials is
expected to introduce anisotropies prior to the shear band formation. This may be an
essential difficulty in the simulation of shear bands.
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(a)

(b)

o ca
Fig. 13. Recursive bifurcation for the specimen. (a) Recursive loss of symmetry; -: bifurcation

process. (b) 1T,-f.. curve; (0): bifurcation points.
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The emergence of the first stripe pattern (OB ,;Jfl-invariant mode) is the key phenomenon
that indicates the occurrence of the direct bifurcation. Since this pattern was already
observed at ea = 5.3%, the (direct) bifurcation

should have taken place prior to ea = 5.3%. It may be a rational hypothesist that this
bifurcation, not the softening of the material properties, has triggered the sharp softening
of the ea-O'a curve (1.0 < ea < 2.0%).

Figure 14 shows the sketches of the final configurations of the specimens tested under
various kinds of conditions. These configurations are quite diversified; however, they are
similar in that they all form echelon or echelon-like modes and display a series of wrinkles
directed toward different directions. The deformation patterns in the middle of the speci
mens that often form "oblique" stripes, especially for Figs 14(d)-(f), are quite different
from those in the vicinity of the top and bottom boundaries that form only horizontal
stripes. It is these oblique stripes in the middle that have been successfully modeled by the
present theory owing to the use of the periodic boundaries in the Z-direction. This may
suffice to justify the infinite cylinder approximation, which is the major hypothesis of the
present theory. Since the triaxial compression tests aim at investigating not the effects of
boundaries but the physical properties of soils, it will be more adequate to employ the
periodic boundaries in the shear band simulation analysis of soils.

5. CONCLUSIONS

The present theory has clarified the underlying mechanism of the stripe pattern and
echelon mode solutions by identifying a sequence of symmetry-breaking bifurcation in eqns
(17) and (18) with decreasing symmetries, as illustrated in Fig. 10. The use of the periodic

t A similar hypothesis was presented in Ikeda and Goto (1993).
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(g) (h) (i)

Fig. 14. Sketches of deformation patterns of a series of soil specimens (unit in mm).

boundaries is vital in successfully arriving at the stripe pattern solutions, as has been made
clear through the present theory. For ordinary but realistic boundaries, some of the periodic
and translational symmetries are lost, and in turn the bifurcation structure has been too
simplified to lose these solutions. The cylindrical domain with the ordinary non-periodic
boundaries has the reflection symmetry only at the middle (z = LI2), and hence is invariant
with respect to a group Dooh == Coov X elV (~0(2) x 2 2), Since the OB,;';;-invariant stripe
pattern solutions are absent in the bifurcation structure for the group Dooh, these solutions
cannot be obtained as direct bifurcation from the uniform state. This is an essential difficulty
in the customary analysis procedure with non-periodic boundaries. The present theory,
revealing the group-theoretic or combinatorial mechanism, gives a clue for overcoming this
difficulty. More issues on numerical analysis of echelon modes are treated in Murota and
Ikeda (1994).
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APPENDIX A: MODIFICATION FOR RECTANGULAR DOMAINS

The present formulation is applicable also for rectangular domains through a simple modification. We
consider the rectangular domain

and employ the "periodically-infinite domain" approximation, that is, the domain has periodic boundaries on the
top, bottom, left and right boundaries. Owing to this assumption, the domain has periodic and reflection
symmetries in the x- and Y-directions. Such symmetries are labeled by the group G' = G; x G2, where G; is
generated by

where 0';;;; Ix < Lx(f), and G2by

where 0 ,;;;; ly < Ly(f). Note that G' ::l:: G; and G2 ::l:: G2under the correspondence:

This implies that the rectangular domain can be treated in the same manner as the cylindrical domain, and hence
all results of this paper derived for the cylindrical domain are easily extended to such a domain.
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APPENDIX B: GROUP-THEORETIC BIFURCATION POINTS OF MULTIPLICITY TWO OF A
Coov x Coov-EQUIVARIANT SYSTEM

We will present the analysis of the bifurcation equation at a group-theoretic bifurcation point of multiplicity
two associated with the two-dimensional irreducible representation (n, -) of a C",v x C",v [=:< 0(2) x 0(2)]
equivariant system. The case for (-, If) is similarly obtained. We make use of a slight variant of the standard
technique for 0(2)-equivariant system, which can be found, e.g. in Sattinger (1983), Golubitsky et al. (1988), and
Murata and Ikeda (1991).

Instead of the real independent variable w of eqn (II) (with M = 2), a complex variable z = WI +iw2 is
employed, where i denotes the imaginary unit. Then the bifurcation equation (11) takes the form

F(]:z) = O. (B1)

It should be clear here that the bifurcated solutions are associated with a particular choice of z that satisfies the
bifurcation equation (B1).

We may assume that the action of Coov x Cocv is defined by

C(rp): z ..... WnZ,

t(/) : z ..... z,

Gz: =~ -z, (B2)

where Wn = exp (inrp) and (-) denotes the complex conjugate. Since the group Coov x Coov is generated by the four
types of elements [c(rp),O"y, t(/), /Tzl, the equivariance of the bifurcation equation (11) to the group Coov x Cooy,
therefore, is identical with the equivariance under the action of these four types of elements. Namely, the
equivariance condition (12) can be rewritten as follows:

We expand F as

F(J, z) = F(J, ::),

-F(J,z) = F(J,-z).

F(J,z, 2) = f f Aab(/)zazb.
a=O h=O

(B3)

(84)

(85)

(86)

(As is usual with local bifurcation analysis, only finitely many terms are important.) The substitution of eqn (86)
into eqns (83)-(85) shows that the non-zero terms should satisfy

exp [inrp(a-b-ll] = L

Since eqn (B7) must hold for an arbitrary value of rp, we have

a-b-l O.

With the use of eqn (87), Fin eqn (86) can be rewritten as

oc

F=z L A,,(/)1=1 2
a,

a=O

(87)

(88)

(89)

where A,,(j) = Ao+ I.u(/) is real by eqn (88). Since (J, z) = (0, 0) corresponds to the critical point, we have
Ao(O) = O.

The solutions of eqn (89) are either the trivial solution z = 0 or the bifurcated solution, which is to satisfy

f: Aad) 1=1 2
a = O.

a=O

Hence the bifurcated solution, if any, takes the form Izl = 4>(/).
As the representative of such solutions, we may consider those with z real, becau!e other solution~ can be

obtained from such solutions by means of transformations by the elements of Coov x Coov' Then the action (82)
shows that this is invariant to the subgroup generated by

/Ty, (jzC (~} t(/).
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APPENDIX C: GROUP·THEORETIC BIFURCATION POINTS OF MULTIPLICITY FOUR OF
A C", x Coo,-EQUIVARIANT SYSTEM

The solution of the bifurcation equation at a group-theoretic bifurcation point of multiplicity four of a
C", x Coo, [""0(2) x 0(2)]-equivariant system has been obtained by Murota and Ikeda (1994) by adapting the
technique for an 0(2) x SO(2)-equivariant system described in Sattinger (1983) and Golubitsky et at. (1988). We
shall reproduce it here for readers' convenience.

Instead of the real independent variable w of eqn (11), complex variables z, = w, +iw2 and Z2 = W3 +iw4 are
employed. Then the bifurcation equation (II) takes the form

(CI)

It should be clear here that the bifurcated solutions are associated with the particular choice of z, and Z2 that
satisfies the bifurcation equation (CI).

The four-dimensional irreducible representation of Coo, x COO" which is generated by c(cp), Uy, t(l) and uz, is
given by

[I

0 0

:] [~
0 0

l]t(c) =
W. 0

t(Uy) =
0 I

0 W. I 0

0 0 W. 0 0

[1'
0 0 :]. [1

I 0

rlt(t) =
w. 0

t(uz) =
0 0

0 W. 0 0

0 0 W. 0 I

where Wk = exp (ikcp) (k = n, n; 0 ~ cp < 21t) and (-) means the complex conjugate. Hence we may assume that
the action of Coo, x Coo, on (z" Z2) is defined by

c(cp): z, ..... W.z" Z2 J-+ WnZz,

Uy:ZII-+Zh Zzl--+Z"

t(l): z, ..... W.z, , ZZJ-+W"Z2'

(1z: Zll-+Zz, Z2 ..... z,. (C2)

Since the group Coo, x Coo, is generated by the four elements [c(cp), Uy, t(lz), uz] the equivariance of the bifurcation
equation (II) for the group Coo, x COO" therefore, is identical with the equivariance under the action of these four
elements. Namely, the equivariance condition (12) can be rewritten as follows, where the argument/is suppressed
for notational simplicity:

W.}j(z" Z2) = lj(w.z" W.Z2), j = 1,2,

F2(z"Z2) = F,(~,I;"), F,(Z"Z2) = F2~,l;-),

w.F,(Z"Z2) = F,(w.Z"W.Z2)' w.F2(z"Z2) = F2(w.z"W.Z2),

F2(z"Z2) = F,(Z2,zd, F,(Z"Z2) = F2(Z2,Z,).

From these relations we obtain an irredundant set of equivariance conditions as follows:

F, (1. z" Z2) = F, (!.l;-, Z;),

F2(!.z"Z2) = F,(!.Z2'Z,).

We expand F, as

F,(f,Z"Z2,Z"Z2) = f f f f Aab'd(flr:z~Z;'z/.
a=O b=O ,=0 d=O

(C3)

(C4)

(CS)

(C6)

(C7)

(As is usual with local bifurcation analysis, only finitely many terms are important.) The substitution of eqn (C7)
into eqns (C3)-(C4) shows that the non-zero terms should satisfy

exp [incp(a+b-c-d-I)] = exp [incp(a-b-c+d-I)] = I,

Aab,Afl = Aab'd(/).

Since eqn (C8) must hold for an arbitrary value of cp, we have

(C8)

(C9)
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a+b-c-d-I = a-b-c+d-I = 0,

a-c = I, b = d. (CIO)

With the use of eqn (CIO), FI in eqn (C7) can be rewritten as

where Aab(/) = Aa + I.bab(/) is real by eqn (C9). The substitution of eqn (CII) into eqn (C6) leads to

Byeqns (CII) and (CI2) the bifurcation equation (Cl) can be rewritten as

Since (1. Z\> Z2) = (0,0,0) corresponds to the critical point, we have

Aoo(O) = O.

The solutions of eqn (Cl3) are:

(I) ZI = Z2 = 0,
(2) ZI # 0,Z2 # 0,
(3) ZI # 0,Z2 = 0, or
(4) ZI = 0,Z2 # O.

(CII)

(CI2)

(Cl3)

Those solutions (1)-(4) will turn out to be (I) the trivial; (2) the diamond pattern; and (3)-(4) the two kinds of
stripe pattern solutions, respectively.

(I) Trivial solution (ZI = Z2 = 0)
The solution ZI = Z2 = 0 corresponds to the trivial solution on the main path with a Cm x Cxv-invariant

deformation mode.

(2) Diamond pattern solution (ZI # 0, Z2 # 0)
For ZI # 0 and Z2 # 0, eqn (Cl3) becomes

the solution of which, if any, is given by

where ell is a solution to

f f Aab(/)eIl2(a+b) = o.
0=0 b""'O

(CI4)

Equation (CI4) denotes the asymptotic foree--displacement relationship IZII = IZ21 = eIl(/) for the bifurcated
solution. This shows that the branching solutions form a two-dimensional sheet for each!

As the representative of such solutions, we may consider those with ZI = Z2 real, because other solutions can
be obtained from such solutions by means of transformations by the elements of Coov x Coov ' Then the action (C2)
shows that this is invariant to the subgroup generated by
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We denote this subgroup by DInfl• It is easy to verify that the invariance to this subgroup characterizes a diamond
pattern shown in Fig. 6(a).

(3) Stripe pattern solution (a) (z, i' 0, Z2 = 0)
For z, i' 0 and Z2 = 0, byeqn (CI2) F2 = 0 is always satisfied and F,/z, = 0 yields

f Aaoct)lz.l 2
a = 0,

a_O

which represents a sheet of asymptotic force-displacement relationship, say, Iz.l = ¢.Jet) for the bifurcated
solution. Among these solutions we may concentrate on those solutions (z" Z2) with z, real (and Z2 = 0), because
other solutions can be obtained from such solutions by means of transformations by the elements of Co",v x Cor,,"
We observe here that such solutions with z, real are invariant under the transformation by UyUz, and c(cp)t(l)
with n(cp/2n) +fl(l/L) = N (N = 0, ± I, ±2, ...), as is seen from eqn (C2). Thus we have arrived at a OB:"
invariant oblique stripe pattern solution in Fig. 6(b) directed toward the direction parallel with a series of oblique
straight lines

(4) Stripe pattern solution (b) (z, = 0, Z2 i' 0)
The solution z, = 0 and Z2 i' 0 represents another oblique stripe pattern solution, invariant to OB:d, shown

in Fig. 6(c). The stripe pattern is directed toward the direction parallel with another series of oblique straight lines


